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Abstract 

We examine the Hessian matrix of the potential energy under internal coordinates. 
We report all Christoffel symbols which exist for molecules if we use the known 
coordinates such as bond distances, bond angles, torsion angles, and out-of-plane angles. 
We use as an example triatomic HCN in an extended geometry. 

1. In t roduct ion  

Reaction coordinates, or considerations of molecule trajectories in a chemical 
rearrangement, are based on the assumption that the potential energy V is a function 
of the relative position of the nuclei. Thus, an important theoretical tool is the 
computation of  the potential energy surface (PES), or of some lower-dimensional 
sections of it, where the atomic nuclei move and we observe the change in their 
potential energy if we trace a corresponding trajectory on the PES. In general, variations 
of bond lengths, valence angles and dihedral angles within the molecule represent a 
convenient set of  coordinates. A suitable definition of a continuous line in these 
coordinates representing a "reaction coordinate" (whatever this means), has stood in 
the center of  the scientific debate for many years (cf. [1]). It seems necessary to use 
fundamental ideas of differential geometry to reach a definition which is independent 
of the choice of coordinate system. In the case of the intrinsic reaction coordinate 
(IRC) [2], a path function q = q(t) traces a path in configuration space, which is the 
steepest descent path on the PES, connecting a saddle point with a minimum of the 
PES. We obtain an independent definition of an IRC by use of the contravariant 
metric coefficients gkt of the curvilinear coordinates qi, in comparison with the Cartesian 
akt, by using a simple gradient system of ordinary differential equations for the path 
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dqi /dt = -g~J (aVlaqJ ), (1) 

where g = BM-1B T. (The sum goes ove r j  from 1 to n in the Einstein sum convention.) 
B is the Wilson B matrix and M is the diagonal mass matrix. Unfortunately, the 
simple gradient ansatz of a steepest descent [3-5] is usable only as a global concept; 
it is not usable as a local criterion for a path on the PES. If we are interested in a 
local property, such as a valley floor characterization at any point on a so-called 
minimum energy path (cf. [6]), then we have to use second derivatives of  the PES, 
which comprise the Hessian matrix [7-11 ]. We trace a path on which the eigenvector 
of  the Hessian and the gradient vector are parallel, using the ansatz of  a gradient 
extremal. To be independent of a coordinate system necessitates that in the derivation 
of  the Hessian we use the covariant vector (3V/3qi). In a curvilinear coordinator 
system (qi)i= 1 . . . . . .  , this results in (cf. [8]) 

Hij = W;qlqj = 02V/OqiOqj- F~(OV /3qk), (2) 

where the Christoffel symbols of second kind F k emerge, which depend directly on ii 
the metric coefficients 

I]iyk.= 1 gkl(3gjl 13q i + 3gil IOq j - Ogij /3qt). (3) 

At a nonequilibrium point of  the PES, we can compute generalized normal 
vibrations of  the molecule [12, 13] by diagonalizing the Hessian matrix as defined in 
eq. (2). We obtain a matrix of force constants. Nota bene, the matrix (02V/Oqi3qJ), 
which gives the "basic force constants", is not a tensor [14]; it depends on the choice 
of  coordinate system. The generalized normal vibrations may be used in an extension 
of the so-called reaction path Hamiltonian [15, 16] in curvilinear coordinates. 

In a more dynamic way, if we treat classical equations of motion of the atomic 
nuclei in the molecule, then we have to use the Lagrange ansatz in the mass weighted 
form of eq. (1) (cf. [17,18]), 

-d2 qk /dt2 = Fi~ (dqi /dt) (dqJ /dt) + gtt (OV IOq t). (4) 

Thus, we have to deal with the Christoffel symbols as well. In eq. (4) we observe, 
in the case of  constant energy V, the condition for an unperturbed kinematically 
possible motion of the system point, because the term on the r.h.s, becomes zero. The 
trajectory becomes a geodesic curve of  least curvature due to the fact that eq. (4) is 
cast in the form 

-d2qk /dt2 = Fif(dqi /dt) (dqJ/dt) (5) 

(cf. [19]; this reference deals with such problems in a reaction problem). 
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The apparent complication which emerges with the sum of the Christoffel 
symbols serves as a corrigendum against the influence of the curvilinear coordinate 
system which, in reality, should not have an influence on the motion. We can imagine 
a small person with a hammer riding on the curve q(t) and, as the curve tries to pop 
out of its straight path, he or she continuously pounds it back in because of the 
fundamental law: every free system persists in its state of rest or uniform motion in 
a straight path. 

All that is necessary now is to evaluate an algorithm to compute the F~ in those 
coordinate systems which are generally used for small and medium-sized molecules. 

2. Analytical computat ion of Christoffel symbols of second kind 

The Christoffel symbols of second kind, eq. (3), are computed by 

~ = - E E git (Oql /O xv) (O2q k/Ox vOxw) (Oq~/Ox')grj, 
v w 

(6) 

where qi denote the internal and x v the Cartesian coordinates of the molecule, gii are 
the elements of the covariant metric tensor given by 

~{ = ~.~ gik (aqk /Ox~')(OqJ/OxV). (7) 
o 

The task is the analytical computation of the first and second derivations of the 
internal coordinates with respect to Cartesian ones. The internal coordinates are 
divided into bond length, bond angle, torsion angle and out-of-plane angle. 

A procedure is well known [20] which realizes the task in a non-analytical 
ansatz, using the expansion of curvilinear coordinates and potential energy. We note 
that we are interested also in points far away from equilibrium geometries; this is a 
step beyond ref. [20]. 

The computation of the derivations has been carried out according to the 
following algorithm. Firstly, derivations are computed in dependence on Cartesian 
coordinates by use of the tormula manipulation package REDUCE [21]. Secondly, 
the Cartesian coordinates are substituted by internal coordinates which lie in a selected 
position in space. 

The particular space position ~ of every one of the atoms which define an 
internal coordinate is also represented independently of internal coordinates given by 

= Tr(x + v). (8) 

Matrix T is the result of  the multiplication of the matrices of rotation D ,  
The elements of the matrix T are given by 

D a n d D .  
y z 
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T n = cos (a )  cos(/3), (9) 

7'12 = s in(a)  cos(y) + cos (a )  sin(/3) sin(y), (10) 

T19 = s in (a )  sin(y) - cos (a )  sin(fl) cos(y),  (11) 

Tzl = - s i n ( a )  cos(/3), (12) 

T=z = cos (a )  cos(y)  - s in(a)  sin(/3) sin(y), (13) 

T=3 = cos (a )  s in(y)  + s in(a)  sin(fl) cos(y),  (14) 

T31 = sin(/3), (15) 

T32 = - -COS( /3 )  s i n ( y ) ,  (16) 

T33 = cos(fl)  cos(y).  (17) 

Angles a,/3, and y a r e  defined in the appendix. Vector v is the vector  of  translation 
of  the atoms which define an internal coordinate, v is given by 

V T ----- ( - - X  "3b-2 -- X 3 b - 1  --  x 3 b ) ,  ( 1 8 )  

and b is the number  of  an atom. For torsion angle tg(r  r b, r ,  ra), for example,  the 
following terms result: 

- - 3 a - 2  
X = - - r ~ b  COS(~0), 
- - 3 a -  1 
x = rab sin(~0)cos(zg), 

- - 3 a  
x = rab s m ( ~ ) s m ( O ) ,  

- - 3 c - 2  
X = - - r b c ,  

- - 3 d - 2  
x = --rbd COS(~$), 

- - 3 d -  1 
x = rbds in(6) ,  

- - 3 b - 2  - - 3 b -  1 - - 3 b  - - 3 c -  1 - - 3 c  - - 3 d  
X = X  = X  = X  = X  = X  = 0 .  

The angles ~o and S are given by 

~o = arccos ( (ra - rb ) (re - rb )/(r~b rbc) ) ,  

8 = arccos ( ( rc  - rb ) ( ra  - rb) / (rbc rbd)) ,  

where r b = I r - r~l. 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 
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one. 
Matrix T transforms from a particular space position into an arbitrary 

For all internal coordinates q', the first derivations in eq. (6) are given by 

3 
Oq i]Oxv = Z Tv_t r~t+r~'type of qi (28) 

r= l  

and the second ones are given by 

3 3 
jtrtype of ql (29) ~2qi/~xV~xW: ~.. ~'~ Tv-, rTw-,, s ' ,+r u+s , 

r=l  s = l  
where 

t= 3 [ ( v -  1)/3], u = 3 [ ( w -  1)/3], (30) 

and the angular bracket [z] means the entire part of number z. Vector E and matrix 
F are given by 

E~ype of q i =  Oqi/OxV 

Fvtype of ql 32qi roy w ., = / 3 x  

(31) 

(32 )  

All elements of vector E and matrix F different from zero are summarized in the 
appendix for all types of internal coordinates, as well as the formulas for the computation 
of the angles c~, 13, and y If the reader would like to use the given expressions for 
dynamical treatments, this can be done by a simple mass-weighting extension 
of eq. (6). 

F~j = - g il ( ~qt / Oxt) m tu ( O2 q k/OxUOxV)mVW(Oqr/OxW)gr)" (33) 

m TM is the inverse mass matrix git and g,j., see eq. (1). Instructive examples are given 
in ref. [22] in the case of tri- and tetra-atomic molecules. We have a program for the 
compilation of the Christoffel symbols of second kind, on diskette written in 
FORTRAN 77, which is available on request. 

3. Example  

There are 4 internal coordinates and 64 Christoffel symbols of second kind for 
the molecule HCN [6]. The intemal coordinates are defined by 

ql q2 q3 q4 
: FCI t, = rCN, = T]HCN, = K'HCN, 

where a point of the dissociation path to H+CN with maximal value of the gradient 
is [23]: 
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r cu  = 170.0 pm,  rcN = 116.0 pm,  ;"/IICN = ; ' r ,  t~ICN = Jr. 

Th i s  po in t  is ex t ended  f rom tile equ i l ib r ium g e o m e t r y .  O n l y  12 Chr i s to f fe l  s y m b o l s  
o f  s econd  kind are d i f fe ren t  f rom zero,  and are g i v e n  by:  

F133 = F331 = 1-'144 = 1-'41 = 2 . 2 0 9 4 3 6  n m  - I  , 

G = G = G = F42 = 5 . 3 8 2 7 2 3  r i m - ' ,  

F3~3 = F4~4 = - 2 3 . 9 8 3 3 3 5  p m  rad -1 , 

1-'23 = Ff4 = - 4 5 .  2 2 4 9 4 8  p m  rad -2 .  

A p p e n d i x  

B o n d  l e n g t h  r 

r(ra' rb)= Gb 
ul = y a _ y b ,  Vl = X ~ _ X  b 

s i n ( a )  = s i n ( a r c t a n ( u l / v l )  ) v < 0 

s i n ( a )  = 1 u I < 0, v = 0  

s i n ( a )  = 0  u I = 0,  v = 0 

s i n ( a )  = - 1  u~ > 0,  v = 0  

s i n ( a )  = - s i n ( a r c t a n ( u J v l )  ) v > 0 

c o s ( a )  = - c o s ( a r c t a n ( u l / v l )  ) v < 0 

c o s ( a )  = 0 u~ ~ 0, v = 0 

c o s ( a )  = 1 u 1 = 0 ,  v 1 = 0 

c o s ( a )  = c o s ( a r c t a n ( u J v l )  ) v 1 > 0 

u 2 = z a - z b, v 2 = c o s ( a ) ( x  ~ _ x b) _ s i n ( a ) ( y a  _ yb) 

sin(/3) = s in ( a r c t an (R2 /v2 )  ) 

s in  ( 1 3 )  = - 1 

sin(/3) = 1 

cos  (/3) = c o s ( a r c t a n  (u2/v2)) 

cos( /3)  = 0 

s in ( ) ' )  = 0 

cos ( ) , )  = 1 

E3a - 2 = l 

E3b_ 2 = - 1  

F 3 a -  1 3a -  1 = 1/r 

F3a-  1 3b- I = - 1/r 

F3a 32 = 1/r 

v 2 > 0  

U 2 < O, V 2 = 0 

u 2 > 0, v 2 = 0 

v 2 > 0 

v 2 = 0  
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F3a 3b = - 1 / r ,  

F 3 b -  1 3b- 1 = 1/r 

F3b  3b = 1/r  

First linear bond angle 7/ 

r/(r~,  r b, r )  = a r ccos ( ( r~  - r b) ( r  - rb)/(r~b r ~ ) ) ,  77 = lr 

Ul = y c  _ y b  V l  = X c _ X b 

s i n ( a )  = - s i n ( a r c t a n ( u l / v l )  ) v s < 0 

s i n ( a )  = - 1  u I < 0 ,  v s = 0 
s i n ( a )  = 0 u s = O, v s = 0 

s i n ( a )  = 1 u 1 > O, v 1 = 0 

s i n ( a )  = s i n ( a r c t a n ( u l / v l )  ) v I > 0 

c o s ( a )  = c o s ( a r c t a n ( u J v l ) )  v s < 0 

c o s ( a )  = 0  u s ~ 0 ,  v s = O  

c o s ( a )  = 1 u s = 0 ,  v 1 = 0  

c o s ( a )  = - c o s ( a r c t a n ( u J v l ) )  v 1 > 0 

u2 = z C _ z b, v2 = c o s ( a ) ( x  ~ _ x a) _ s i n ( a ) ( y ~ ,  _ yb)  

s i n ( f l )  = s i n ( a r c t a n ( u J v 2 )  ) v 2 < 0 

s i n ( f l )  = 1 u 2 < 0, v 2 = 0 

s i n ( f l )  = - 1  u 2 > 0 ,  v 2 = 0  

c o s ( f l )  = c o s ( a r c t a n ( u 2 / v 2 ) )  73 2 < 0 

COS(fl) = 0 732 = 0 

s in (? ' )  = 0 

c o s ( y )  = 1 

E 3 ~ - 1  = - 1 / r ~ b  

E 3 b - 1  = (tab + rbc) / ( rab  rbc) 

E 3 c - 1  = - - 1 / r b c  

E3a  - 23a  - s = 1/ra2b 

E 3 a -  2 3 b - 1  = --1/r2ab 

F3a  - 1 3 b -  2 = -- 1/r2ab 

F3b_ Z 3b_ l = ( r ~  - r~b)/(r]b r ~ )  

F 3 b -  2 3~- 1 = 1/r2~ 

F3b - ~ 3~- 2 = 1 / r ~  

F3c  - 23c  - 1 = - 1 / r ~  

Second linear bond angle 

r ( r  a, r b, re) = a r c c o s ( ( r a  - rb) (rc - rb)/(r~b rbc)), ~C = Jr 
ul  = y ~ _  yb,  Vl = X ~ _  x b 

s i n ( a )  = - s i n ( a r c t a n ( u l / V l )  ) v I < 0 
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s i n ( a )  = - 1  u 1 < O, 
s i n ( a )  = 0 u I = O, 

s i n ( a )  = 1 u 1 > 0 ,  

s i n ( a )  = s i n ( a r c t a n ( u f f v  1)) 
cos  ( a )  = cos ( a r c t an (u  1/v 1)) 
c o s ( a )  = 0 u I ~ O, 

c o s ( a )  = 1 u 1 = O, 

c o s ( a )  = - c o s ( a r c t a n ( u l / v  l)) 

u2 = z c -  z b, v 2 = c o s ( a ) ( x  ~ - x  b) - 
sin(fl)  = s in(arc tan(u2/v2)  ) 

sin(fl)  = 1 u 2 < 0 ,  

sin(fl)  = - 1  /'/2 > O, 

cos(f l )  = cos /a rc tan (u2 / v2 )  ) 
c o s ( f i )  = 0 

sin(),) = 0 

cos (y )  = 1 

E 3 a  = - l / r a b  

E3b = (tab + rbc)/(rab rbc) 

E3c = _ 1/rbc 

F 3 a - 2 3 a  = 1 / q b  

F3a-  2 3b = -- 1/r2~ 
¢ a u  

FBa  3b - 2 = -- 1/r2ab 
= __ r 2 ',1@2 t ic)  F 3 b  - 2 3b (r2bc a b / t \  ab 

F3b-  2 3~ = 1/r2c 

F 3 b  3 c -  2 = 1/r2c 
F 3 c -  2 3 c  = - 1/r2~ 

V l = O  
Vl = 0  
Vl = 0  
v ~ > O  

v ~ < O  

V! = 0  

v I = O  
v t > 0  
s i n ( a )  (yC _ yb) 

v 2 < O  

v 2 = O  
v 2 = O  
v 2 < O  

v 2 = O  

Bond angle (p 

(P(r a, r b, r c) = a rccos ( (  G - rb) (re - rb)/(rab rbc)), 
ul  = y c _  yb, Vl = X ~ _  x b 

s i n ( a )  = - s i n ( a r c t a n ( u  1/v 1)) 
s i n ( a )  = - 1  u 1 < 0 ,  
s i n ( a )  = 0  u I = 0 ,  

s i n ( a )  = 1 u 1 >  O, 

s i n ( a )  = s in(  arc tan(u  f f  v l ) ) 

c o s ( u )  = c o s ( a r c t a n ( u f f v  1)) 
c o s ( a )  = 0 u~ . O, 

c o s ( a )  = 1 u 1 = O, 

c o s ( a )  = - c o s ( a r c t a n ( u l / v  1)) 

v < 0  

v = 0  
v = 0  
V = 0  

v > 0  

V < 0  

V = 0  

V = 0  

v , > O  

O < ~ o < n  
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R 2 = 

s i n ( / 3 )  = 

s i n ( f l )  = 

s i n ( f l )  = 

cos(/ ) = 

cos ( /3 )  = 

/ t  3 = 

V 3 = 

s i n ( y )  = 

s i n ( y )  = 

c o s ( y )  = 

cos ( ) / )  = 

E 3 a -  2 = 

z ~ - z  b, v 2 =  c o s ( s ) ( x  ~ - x  b ) - s i n ( o O ( y c - y b )  

s in(arctan(u2/v2))  v 2 < 0 

1 /12 < O, V 2 = 0 

- -1  /12 > O, V 2 = 0 

c o s ( a r c t a n ( u 2 ( v 2 ) )  V 2 < 0 

0 v 2 = 0 

c o s ( f l )  (z ~ - z b) - s i n ( f l )  ( c o s ( a )  (x ~ - x b) - s i n ( a )  ( y a  _ y b ) )  

s i n ( c~ )  (x  ~ - x b) + c o s ( c 0  ( y a  - y b )  

s i n ( a r c t a n ( / 1 3 / v 3 ) )  v 3 < 0 

- s i n ( a r c t a n ( u 3 / v 3 ) )  v 3 >- 0 

- c o s ( a r c t a n ( u ? / v 3 ) )  v 3 < 0 

cos(arctan(/13/v3)) v 3 > 0 

s in (qg ) / t a  b 

E3a- 1 = COS(qg)/tab 

E3b- 2 = - - s in (q~) / t ab  

E3[~-1 = (tab -- rbc COS(qg)) / ( tab rbc) 

E3c-1 = --1/rbc 

F3a-  2 3 a -  2 = 2 s i n ( q ) ) c o s ( q g ) / r ~ b  

F 3 a - 2 3 a - 1  = (1 - 2 s i n 2 ( q ) ) ) / ~ b  

F3a - 23b - 2 = -- 2 s in (~0)  COS(¢0)/r~L ' 

F 3 a - 2 3 b - 1  = ( 2 s i n 2 ( q  ~) - 1)l~a 

F 3 a - I  3 a - 1  m - - 2 s i n ( q g ) c o s ( ~ o ) / ~ a  

F3a- 1 3 b - 2  = ( 2 s i n 2 ( q  9) - 1)lr~b 

F3a-  1 3 b -  1 = 2 s i n ( q ~ ) c o s ( q g ) / r ~ b  

F3a 3a = cos(q~)/(r~b s i n ( q g ) )  

F3a 3b = (tab -- rac Cos(q~) ) / ( r~b  rac s in (~0 ) )  

F3a 3c = - l / ( t a  b rac s i n ( p ) )  

F3b-  2 3 b -  2 = 2 s i n ( p )  c o s ( q g ) / r ~ b  

F3b  2 3 b - 1  = (rb2~( 1 -- 2 s i n 2 ( ~ 0 ) )  - r2 ~/(r2 ~2 - ab I t \  ab "bc ] 

F3b - 2 3c - 1 = 1/r~c 

F3b-  1 3 b -  1 = - 2 s i n ( q ~ ) C O S ( q ~ ) / r ~ b  

F3b - 13c - 2 = 1/r~c 

F3b3b = ((tab + rb~ COS(C0) -- 2rab rbc)/(Gb2 rb ~ s in (q~) )  

F 3 b 3 c  = (rbc -- tab COS(q)) ) / ( tab  r2c s i n ( p ) )  

F3c - 23c - 1 = - 1/r~c 
F3c 3c = cos(~o)/(r~c s i n ( p ) )  
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Torsion angle 0 

O(r~, rb, rc, ra) = sgn ( ( r  b - ra) ( ( r  c - rb) X ( r  d - rb) ) )  

arcc°s ( ( ( rb  - G )  x ( G  - G ) )  ( ( G  - re)  x (r  a - rb) ) 
/ ( G b  r2~ rbd sin(qg) s i n ( a ) ) )  

qg(G, rb, G)  = arccos((r , ,  - rb) ( G  -- rb)/(rab rbc)) ,  0 < q9 < rc 

a(rb ,  G ,  ra) = a rccos ( (  G - r b) ( r  d - rb ) / ( rbc  rbd)) ,  0 < a < 

s i n ( a )  

s i n ( a )  

s i n ( a )  

s i n ( a )  

s i n ( a )  

cos(a) 
cos(a) 
cos(a) 
cos(a) 

U 2 

sin(]3) 

sin(]3) 

sin(]3) 

cos(]3) 
cos(]3) 

U 3 

723 

s in() ' )  

s in(y)  

cos(y) 
cos(y) 
E 3 a -  1 

E3a 

E 3 6 -  1 

E36 

E 3 c -  1 

E3c 

E3a 

ul = yC _ yb ,  721 = xc  - xb  

= - s in (a rc tan(u  I / v l ) )  v 

= - 1  u I < 0 ,  v 

= 0  u 1 = 0 ,  v 

= 1  u l > O ,  v 
= s i n ( a r c t a n ( u l / v l ) )  v 

= c o s ( a r c t a n ( u l / v l ) )  v 

= 0  u I ;cO, V 

= 1 b/1 = 0 ,  721 

< 0  

= 0  

= 0  

= 0  

> 0  

< 0  

= 0  

= 0  
= - c o s ( a r c t a n ( u l / v l ) )  v 1 > 0 

= z c - z b, v 2 = c o s ( a )  (x c - x b) - s i n ( a )  ( y  - y b )  

= s i n ( a r c t a n ( u 2 / v 2 ) )  v 2 < 0 

= 1 u 2 < O, r9 2 = 0 

= - -1  ll 2 > O, 72 2 = 0 

= c o s ( a r c t a n ( u 2 / v 2 ) )  v 2 < 0 

= 0  v 2 =  0 
= cos(]3) (z ~ - z b) - sin(]3) ( c o s ( a )  (x d - x b) - s i n ( a )  (yd  _ y b ) )  

= s i n ( a )  (x ~ - x b) + COS(a) ( y d  _ ya )  

= sin(arctan(u3/723)) v 3 < 0 

= - s i n ( a r c t a n ( u 3 / v 3 ) )  v 3 > 0 

= - c o s ( a r c t a n ( u 3 / v 3 ) )  v 3 < 0 

= c o s ( a r c t a n ( u 3 / v 3 ) )  v 3 >- 0 

= - s i n ( O ) / ( G b  s i n ( p ) )  

= c o s ( O ) / ( G b  sin(qg)) 

= (rbc - G v  cos(qg)) s i n ( O ) / ( G  b rbc sin(q))) 

= ( ( G 6  c o s ( p )  - rb~ ) COS(O) / (G  b s in (p ) )  + (rb¢ -- rba c o s ( a ) ) / ( r b a  s i n ( a ) ) ) / r 6 ~  

= c o s ( p )  s i n ( O ) / ( r b c  sin(q9)) 

= ( c o s ( a ) / s i n ( a )  - c o s ( p )  c o s ( O ) / s i n ( ~ o ) ) / r b c  

= - 1/(rba s in ( a ) )  

F3,~- 2 3b - 1 = s i n (  O ) / ( G b  rb~ s in (p ) )  

F 3 a _ 2 3  b = - c o s ( O ) / ( G b  rb~ s i n ( p ) )  

F 3 a -  2 3 c - 1  = - s i n (  t~ ) / ( rab  rbc sin(qg)) 

F3~- 2 3~ = COS(tg)/(qb rbc sin(qg)) 
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F 3 a -  1 3 a -  1 = 2 s i n ( O )  COS(O)/(r2b sin2(p)) 
F 3 a -  1 3a = (2sin2(0) - 1 ) / ( 4 b  sin2(p)) 
F3~- 1 3b- 1 = 2(r~b Cos(p) -- rb~ ) sin(O) COS(O)/(r2b ro~ sin2(p)) 
F3~- 1 3b = (r~b COS(p) - rbc) (2 sin2(O) - 1)l(r2b rb~ sin2(p)) 
F3~- 1 3~- 1 = - 2 c o s ( p )  sin(O) COS(O)/(r~b rb~ sin2(p)) 
F3~- 1 3c = cos (p)  (1 - 2sin2(O))/(rab rbc sin2(p)) 
F3a 3a = - 2 sin(O) Cos(O)/(ra2 b sin2(9)) 

F3a 319-1 = (rab C O S ( p )  --  rbc ) (2sin2(O) - 1) /(~ b ra~ sin2(9)) 
F3a3b = 2(rb~ -- rab COS(p)) sin(O) COS(O)/(r2b rb~ sin2(p)) 
F3~ 3~- 1 = cos (p)  (1 - 2sin2(O))/(rb rbc sin2(9)) 
Fa~ 3~ = 2cos ( p )  sin(O) cos(O)/ (rb  rb~ sin2(p)) 

F 3 b - 2  3 b -  1 = ( tab  C O S ( p )  - -  rbc ) sin(O)/(r o r2  sin(p))  

F3b- 23b = ((rbc -- rab COS(p)) COS(O)/(rab sin(p))  + (rba cOS(a) - rbc) 
/(rbd sin ( a ) ) ) / r2  

F3b- 23c- 1 = (rbc -- rab COS(p)) sin(O)/(r b r 2 b~ sin(p))  
F3b_23 c = ((r~b COS(p) - rb~)COS(O)/(r~b s in(p))  + (rb~ - rbd COS(a)) 

/(rba si n ( a ) ) ) / r2  

F3b- 13b-1 = ((r~b COS(p) -- rbc) 2 + r2c) sin(O) COS( O)/(r2ab r2~ sin2(p)) 
r 2 F3b- I 3b = ( ac (2sin2(O) r2 r2./( r2.~ sin2(a)))/r2~ - 1)/( ~b sin2(p)) - sin2(O) + . . . . . .  

F3b-1 3~-2 = -COS(p) sin(O)/(r2~ s in(p))  
F3b- I 3c- 1 = (%b (sin2(p) - 2) + 2rbc COS(p)) s in(0)  COS(O)/(r~b r2bc sin2(9)) 

F 3 b -  1 3c = 

F 3 b -  1 3d = 

F3b 3b = 

F3b 3c - 2 = 

F3b 3c - 1 = 

F3b  3c = 

F3b 3 d -  2 = 

F3b 3 d -  1 = 

F3c  - 2 3c - 1 = 

F3c  - 2 3c = 

F3c- 13c- 1 = 

F3c- 13c = 
F3c- 1 3d = 

F3c 3c = 
f 3c 3d - 2 = 

F3c 3d - 1 = 

F 3 d -  1 3d = 

(sin2(O) + (rbc COS(p) -- rab ) (2sin2(O) - 1)/(r~b sin2(p)) 
+ (rbc COS(a) -- rba)/(rbd sin2(a)))/r2 c 
(rbd COS(a) -- rbc)/(rbc r2a sin2(a)) 
((rab COS(p) -- rbc) 2 + r2ac) sin(O) COS(O)/(r2ab r2bcSin2(p)) 
(COS(p) cos(O) /s in(p)  - cos(a)/sin(a))/r2c 
(sin2(O) + (rb~ COS(p) - r~b) (2sin2(0) - 1)/(rab sin2(p)) 
+ (rbc COS(a) - rba)/(rba sin2(a)))/r2 
(rab(2 -- sin2(p)) - 2rb~ COS(p)) sin(O) COS(O)/(r~b r2~ sin2(p)) 

l/(rb~ rba s in(a))  
(rbd COS(a) - rb~)/(rbc r2d sin2(a))  
cos(p)  s in(O)/ ( r2  s in(p))  

(cos (a ) / s in (a )  - cos(p)  cos(O)/sin(p))/r2~ 
(2 - sing(p)) s in(0)  cos (O) / ( r2  sin2(p)) 

((2sin2(O) - 1)/sin2(9) - sin2(O) + 1/sin2(a))/r2 c 

- c o s ( a ) / ( r b c  rbd sin2(&) 
(sin2(p) - 2) sin(O) cos(O)/(r2c sin2(p)) 

-- 1 / ( rbc  rbd s in(a))  
- COS(a)/(rbc rbd sin2(a)) 
1/(r2 d sin2(a)) 
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Out of plane angle z 

T( G ,  r b, r c, rd) = a r c s i n ( ( r ~  - rb) ( (G -- rb) X (r d - rb))/(rab rb~ rbd s i n ( 6 ) ) )  
- re~2 < T < re~2 

6(r  b, r c, r d) = a r c c o s ( (  G - r b) (r a - rb)/(rb~ rbd)), 0 < 6 < rc 
Ul = yc  _ yb, Vl = X c _  x b 

s i n ( a )  = - s i n ( a r c t a n ( u l / v l )  ) v < 0 

s i n ( a )  = - 1  u I < 0 ,  v = 0  
s i n ( a )  = 0 u 1 = O, v = 0 

s i n ( a )  = 1 u I > O, v = 0 

s i n ( a )  = s in (arc tan (u l / v l )  ) v > 0 

c o s ( a )  = cos (arc tan (u l / v l )  ) v < 0 

c o s ( a )  = 0  u I ¢ 0 ,  v = 0  

c o s ( a )  = 1 u~ = O, v = 0 

c o s ( a )  = - c o s ( a r c t a n ( u l / v l )  ) v > 0 

u 2 = z c - z  b, v 2 =  c o s ( a ) ( x  ~ - x  b ) - s i n ( a ) ( y c - y b )  

s i n ( f l )  = sin(arctan(u2/v2)  ) v 2 < 0 

s i n ( f l )  = 1 u 2 <  O, v 2 = 0 

s i n ( f l )  = - 1  u 2 > O, v 2 = 0 

s i n ( f l )  = cos(arctan(uz/V2)  ) v 2 < 0 

C O S ( ~ )  = 0 V 2 = 0 

u 3 = c o s ( f l )  (z d - z b) - s i n ( f l )  ( c o s ( a )  (x d - x b) - s i n ( a )  ( y d  -- yb))  

v 3 = s i n ( a )  (x  J - x b) + c o s ( a )  ( yd  _ yb) 

s i n ( y )  = sin(arctan(u3/v3)  ) v 3 < 0 

s i n ( T )  = - s i n ( a r c t a n ( u 3 / v 3 ) )  v 3 >_ 0 

c o s ( y )  = - c o s ( a r c t a n ( u 3 / v 3 )  ) v 3 < 0 

c o s ( y )  = cos(arctan(u3/v3)  ) v 3 > 0 

~0( G ,  r b, r c) = arccos((r  a - rb) (r~ - rb)/(G b rbc)) 

h~ = s g n ( ( ( r  b - G )  x (G - ra)) (G - rb) X (ra - rb))) (1 -- COS2(q))/COS2(T)) 1/2 

E3~-  2 = cos( (0)  s i n ( z ) / ( G  b c o s ( r ) )  

E3a-  1 = - h ¢  s in(  z ) / G b  

EBa = --COS(T)/rab 

E3b-  2 = -COS(~p) s i n ( z ) / ( G  b c o s ( z ) )  

E3b-  1 = h~ sin(z) /rab 

E3b = COS(T)/Gb + ((rbd COS(6) -- rb~)h~/(rba s i n ( 6 ) )  - COS(tp)/COS(Z))/rbc 

Eac = COS((,O)/COS(T) - h,~cos(fi) /sin(f i)) /rbc 

E3d = hz/(rbd s i n ( 6 ) )  

F 3 ~ -  2 3~ - 2 = ( 2 c ° s 2 ( q  ~) - h2)  s i n ( T ) / ( ~ b  COS(T)) 

Faa-  2 3a - 1 = --  GOS( (P)  h 2  s i n ( T )  (2 + 1/COS2(T))/~b 

F3a_23 a = c o s ( p )  ( 1 / c o s ( T )  - 2COS(Z))/r~b 
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F3a- 2 3b - 2 = (h2 - 2c0s2(~9)) sin(V)/(r~b cos (v ) )  
F3a-23b-1 = cos (q~)h~s in (v )  (2 + 1/cos2(v))/r2ab 
F 3 a _ 2 3 b  = ((2rbc c o s ( 9 )  cos(T)  + (rab h ~ -  rbccos(q~))/COS(V))/qb 

+ (rb, ~ COS(S) -- rbc) COS((p)h,r/(rbd s in (S)  COS2(~')))/(rab rbc) 
F3a_23c = -(h~ + cos(q3) c o s ( S ) / ( s i n ( ~ )  cos(V)))hz/(rab rb~) cos(V))  

F3a- 2 3d = COS(~p) h,:/(r,~ b rbd s in (6 )  cos2(v))  
F3a- 1 3 a -  1 = ( 2 c o s ( v )  - c o s 2 ( ( # )  ( 2  + 1/COS2(V))/COS('f)) sin(v)/raZb 

F3a- 1 3a = h~ (2c°s2 (v )  - 1)/r2b 
F3a-  1 3b-2 = cos(qg)hx s in(z)  (2 + 1/cos2(v))/r~b 
F3a- 1 3b- 1 = (c°$2(q9) (2 + 1 ]cos2(v) )cos (~)  - 2 c o s ( ~ ) )  sin(z)/ra2t) 

F3a-13b = ((rbc(1 -- 2COS2(V)) + rabCOS(~O)/COS2(V))hJrab 
+ (rt),~ COS(fi) - rt)~) COS2(~O)/(rt)d sin(f i)  cos3(V)))/(r~t) rt)c) 

F3a-~3~ = -cos (~o)  (h~ + cos(~p) cos(~5)/(s in(S)  cos(~-)))/(r~t) rb~) cos2(v))  

F3a- 1 3d = COS2(~O)](rab rt)asin(fi)  cOS3(V)) 

F3a3a = - 2 s i n ( v )  c o s ( v ) / ~ b  
F3a3b_2 = COS(qg) (2COS(V) - 1/COS(V))/r2ab 
F3a 38- I  = h~(1 - 2cos2(v)) / r2  b 
F3a 3b = 2 s i n ( v )  COS(V)/rZat) 
F3t)-2 3t)- 2 = (2c°s2((P) - h2) s in( 'c ) / (~b cos(T))  
F3t)- 2 3t) - ~ = - c o s ( p )  hx s in (z )  (2 + 1/cos2(v))/~t)  
F3t)_23b = ((((r2b + r2c) COS((p) - rat ) rt) c h 2) cos (z )  - 2 r 2 c c o s ( r p ) c o s ( v ) )  

~tab + (rab + rt)c COS(qg)/COS2(V)) (rt)~ -- rbd c o s ( 5 ) ) h z  
/(rbd (sin(S))) /(r~b r~¢) 

F3t)_23 ~ = ((rab(rbaCOS(5) -- rbc) + rbc rbdcos(q~) cos(~5) /cos2(v) )h ,  
/(rba s in (5 ) )  + (rb~ h~ - rob COS ((p))/COS(V))/(rab r#~) 

F3b_23d = -cos(q))h~/(r~b rbds in (5 )  COS2(V)) 
F3o-  1 3b- l = ( 2 c o s ( v )  - c0s2(q9) (2 + 1/c0s2(27))/c0s(v)) sin('r)/r2t) 

1)) ba F3b-13b = (((r~b + r2~ (2c°s2(v)  - r2 
- r t)(r~t) r2d/sin2(S) + rt)c r2dCOS(~)/cosZ(v)))h,/(rab rt)d) 
+ (rat) _ rt)cCOS((p)/cos2(v))(rt)acos(6 ) - rbc ) COS(p) 
/ ( s in (~)  COS(V)))/(r~b r2~ rbd) 

F3b-13~ = (((%~ c°s (qg) /c°s2(v)  - rat)) rt)a + rab(rt)d - %c c°s(6)  ) 
/ s in2(8) )hz / rbd  + (rbc cos((p)/COS~(V) - r~t)) c o s ( p )  c o s ( 6 )  
/ ( s i n ( 8 )  cos(V)))/(r~b r2~) 

F3b-~3d = ((%~ - rt)a c°s(6))hJ(rt)asin((~))  + (r°t) - rb~COS((p)/COSZ(V)) 
COS(p)/(ra~ COS(V)))/(rb~ rba s in(~) )  

F3~3b = (2(rt)c - rb,tCOS(6)) cos( qO h J  sin( 6) cos2(v))  
.2 tr~ - (2r~a rc2JSin2(6)) cos2(~o) 

- ( 2 r ~  r~a c o s ( z )  + ,~t)~ t)a 
/cos2(v))/cos(v))/(r~t) rt)a) ) s i n ( v ) / ( r ~  rt)a) 

F3t)3~_ 2 = ( h ~ c o s ( 8 ) / s i n ( 8 )  - cos(cp)/cos(v))/r2¢ 
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F3b 3c - 1 

F3b 3c 

F3b 3d - 2 

F3b 3d- 1 

F3b 3d 

F3c - 2 3c 

F 3 c -  1 3c 

F 3 c -  1 3d 

F3c 3c 

F3c 3d- 2 

F3c 3d - 1 

F3c 3d 

F 3 d -  1 3d 

F3d 3,t 

= ( r b d C O S ( 6 )  - -  rb~ ) (h,cos(cS)/sin(6) - cos(q)) /cos(~))  
/ ( r ~  raa sin(~)) 

= ( r b d -  (2rbd + (rb~cos(6) - rbd)/sin2(6))cos2(q))/cos2(v) 
+ (2rbdCOS(~) -- rb~) Cos(q)) hz/sin(6) cos(v))) sin(T) 

c cos('r)) 
= - h¢/(rb~ rbd sin(6)) 
= (rbc -- rad COS (6 ) )h¢ / ( rbc  r2bd sin2(6))  

= ( ( r a t -  radCOS(~)) COS(q))/(rb2dsin(~)cosCr)) - h~)cos(q))  
sin(r)~(% c rag sin(6) cos2(r)) 

= (cos(q)) /cos(r)  - h¢ cos(6)/sin(6))/r2 C 
= (cos(q))/cos(~) - hrcos(6) /s in(6))  cos(6)/(r2 (6))  
= (h¢cos(6) / s in(S)  - cos(q)) /cos( ' r )  )/(rac rbdsin(6)) 
= (COS2(q)) ( 2 -  1/sin2(6))/cos2(r) - 1 - 2 c o s ( q ) ) h ¢ c o s ( 6 )  

/ (s in(6)  cos(r ) ) )  sin(r)/(r2a~ cos( r ) )  

= h¢/(rac radsin(c~)) 
= h~ cos (6)/(ra~ rag sin2(~)) 

= cos(q)) (h¢ + cos(q)) cos(cp)/(sin(6) cos(~))) s in(r )  
/(ra~ rad sin(~) cos2(~)) 

= - h¢/(r2d si n2(6)) 

= -cos2(q))  sin(r)/(r2~sin2(6) cos3(r))  
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